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A theoretical calculation is made of (an off-diagonal element of) the pressure-strain-
rate term pgl{p[Vu+(Vu)?]) for a simple turbulent shear flow at high Reynolds
number. This calculation is described as follows. (1) An expression for the pressure-
strain-rate term is analytically derived in terms of measurable quantities (velocity
spectra) — this derivation makes use of a cumulant discard. (2) It is proved that, to
the lowest order in the spectral anisotropy, the (nonlinear part of) the pressure—
strain-rate term is linearly proportional to the Reynolds stress. (3) A formula isderived
for the constant of this proportionality (the Rotta constant) in terms of arbitrary
velocity spectra. (4) This formula is used to analytically calculate Rotta’s constant,
C,,, for a class of models of velocity spectra (the variation of Rotta’s constant caused
by variations in the spectral shapes is examined). (5) It is found that C,,, is surprisingly
insensitive to the large-wavelength part of the spectrum. This insensitivity suggests
that C,, should not vary much from one turbulence application to another provided
that the Reynolds number is very large. However, it is also shown that C,, is un-
expectedly sensitive to the short-wavelength part of the spectrum, and varies with
Reynolds number when the latter is less than about 30.

The calculation is based on a straightforward solution of the Navier—Stokes
equation to obtain formal expressions for u and p. These expressions are then used
to write the pressure-strain-rate in terms of a two-time fourth-order velocity correla-
tion. The latter correlation is evaluated by a standard cumulant discard. Simplifying
assumptions of the calculation are that average quantities vary little in space and
time, and that the mean flow are unidirectional. These simplifications are made in
order to emphasize the method of calculation and its details.

1. Introduction

An important term in the transport equation of Reynolds stress is the pressure-
velocity correlation (the pressure-strain-rate term). Rotta (1951) proposed a plausible
model for this term which has since been widely used in phenomenological turbulence
closures (e.g. Reynolds 1976; Hanjalic & Launder 1972; Lumley & Khajeh-Nouri
1974; Launder, Reece & Rodi 1975; and many others). These closures have met with
relative success (Reynolds 1976). However, due to uncertainties in various model
terms of the closures as well as in experiments, it is difficult to predict just how
accurate the Rotta model will be for a given turbulence application.

The purpose of this paper is to present an analytical calculation of the pressure—
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strain-rate term directly from the Navier—Stokes equation. There are four interrelated
goals of the calculations: (1) to derive analytically an expression for the pressure-
strain term in terms of measurable guantities (covariant velocity spectra); (2) to
prove that (to lowest order in the spectral anisotropy) the pressure-strain is linearly
proportional to the Reynolds stress; (3) to derive a formula for the constant of this
proportionality (the Rotta constant) in terms of arbitrary velocity spectra; and (4) to
use this formula to calculate (estimate) analytically Rotta’s constant from straight-
forward assumptions about the general behaviour of velocity spectra in nearly
homogeneous shear flows. With this calculation, we are able to examine the changes
of Rotta’s constant caused by changes in the spectrum.

For the sake of simplicity, we will only consider an off-diagonal element of the
pressure strain-rate tensor. The other elements can be readily calculated by the same
method. We also, for simplicity, restrict ourselves to a uni-directional mean flow that
varies only slowly in time on a Lagrangian integral time scale, and whose gradient
varies only slowly in space.

1.1. Plan of the calculation

The plan of our calculation is to derive nonlinear expressions for the velocity fluctua-
tions u and pressure fluctuations p by a straightforward formal solution of the
Navier-Stokes equation. The expression for p is not new and has been widely used
(e.g. Chou 1945). The expression for u is new in the present context. The derived
expressions for u and p allow us to relate the pressure-strain-rate tensor
P {pVu) +<(p(Vu)?)) (p, is the density and the superscript 7' denotes the transpose)
to a two-point fourth-order velocity correlation. This correlation is then analytically
evaluated in terms of single-point velocity covariances (i.e. the Reynolds stress). This
evaluation is based on easily applied approximation methods that have been widely
used in turbulence theory. The theme of our work, which is similar to the themes
of Leslie (1973) and Herring (1974), is to apply turbulence theories to derive or
improve phenomenological closure equations. However, our derivation is much
less ambitious than the direct-interaction approximation (e.g. Leslie 1970; Herring
1974; Schumann & Herring 1976), and a knowledge of sophisticated turbulence
theory is not needed. Because of its less ambitious nature, our calculation is simple
enough to be entirely analytic. For example, our goal is not to calculate the energy
spectra but, rather, to derive the pressure-strain-rate in terms of the spectra. In this
derivation there occurs a constant C,, (Rotta’s constant) which is explicitly expressed
in terms of the energy spectra. This derivation permits an analytical determination
of that constant.

The organization of the paper is as follows: In §2, an off-diagonal element of the
pressure-strain-rate correlation, A%, is written in terms of the fluctuating velocity u.
A nonlinear expression for u is derived from Navier-Stokes equation in §3. This u
expression allows us to write A3, as a two-time fourth-order velocity correlation. In
§4, A, is derived in terms of velocity spectra to general order in anisotropy. In §5,
Ay, is explicitly related to the Reynolds stress to first order in the spectral anisotropy.
This linear relationship resembles that of Rotta (1951). The proportionality constant
(Rotta’s constant) is calculated in §6. The errors in that caleulation are examined in
§7. Also examined is the variation of C,, with variations of spectra. A summary is
given in §8.
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1.2. Assumptions

To help clarify the theory, expose the underlying approximations, and, to allow more
details to be included, we make the following simplifying assumptions: (a) the mean
flow U has the idealized unidirectional form

U= [Uo(z),O, O]’ (1)

with Cartesian co-ordinate [z,y,z]; (b) dU/0z and all ensemble-average quantities
(correlation functions) are assumed to vary only a little in space and time on scales
L, and 7, respectively, where L, is the characteristic length scale of the energy-
containing part of the spectrum and 7, is the Lagrangian integral time scale; (c) we
only calculate one off-diagonal element of the pressure-strain-rate tensor; and (d) the
details of the calculation are worked out for high Reynolds number. The calculation
can be readily generalized to more complex mean flow geometries, and to include all
the elements of the pressure-strain tensor, but this is not done here. For low Reynolds
numbers the expression for the pressure-strain-rate is only given in terms of the
spectra.

2. Pressure-strain (pVu)

The pressure—velocity correlation (pressure-strain-rate term) that appears in the
gtress transport equation is

PoXp[Vu+ (Vu)t]),

where u = u(r,t) is the fluctuating part of the fluid velocity at position r at time ¢,
p = p(r,t) is the fluctuating part of the pressure at r and ¢, and the angle brackets
denote the ensemble average (mean value). For the sake of simplicity, we will only
calculate an off-diagonal element

PoNp(Pu, )0+ bu,[22)).

We shall first calculate (pou,/ox). Afterwards, it will be very simple to calculate the
transposed correlation (p du,/0z) as well.

To evaluate (p éu,/dx) we need expressions for p and u, and both quantities can be
obtained from the Navier-Stokes equation. The fluctuating part of that equation is
given by

ou/ot+(u+U).Vu = (u.Vu)—Vp/p,+u.VU + V2, (2)

where v is the molecular viscosity, p,is the fluid density, assumed to be constant, and
U is the mean flow. Equation (2) is obtained from the Navier-Stokes equation by
subtracting out the average of the latter.

A formal expression for p is obtained by taking the divergence of (2) and using
incompressibility V.u = 0:

Vip(t) . 6u28U0)
o V.(u.Vu) 2('87—87 , (3)

where we have defined

(u.Vu) =u.Vu-{u.vu) (4)
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to be the fluctuating part of u.Vu, and we have used the idealized flow U = [U,(z), 0, 0]
so that
ou, oU,

V.(U.Va+u.VU) = 22 e

(5)

Equation (3) can be solved for p by Fourier transforms. The transforms of p and u
are defined by

= fdrp(t) exp(—ik.r), u(t)= fdr u(r,t)exp (—tk.r). (6)
We then obtain p, from the Fourier transform of (3):
o Pult) = Ny(t) + (20k,/ k%) uy (t) 0T, / 02, (7)

where N(t), the Fourier transform of the nonlinear fluctuation term V.(u.Vu)’, is
explicitly given by

k, k
N() = fd k

S ) (1) = o (), (6], (®)
and we have used the inverse Fourier transform
u(r,t) = (271)‘3J‘dk1ukl () exp (¢k, .r1)

n (8). To obtain (7), we have also neglected the spatial variation of ¢U,/@z as con-
sistent with our limitation of slow variation of mean quantities on the scale of L,
the integral wavelength of the spectrum.

It is very convenient to continue the analysis with Fourier transforms. Let us then
Fourier expand the pressure-velocity term:

1 ]
/ey = — sy [ A Cun ), e, Q

where V is the volume of the system, u(¢) is the z component of u(t),
Efdruz(t)exp(——ik.r), (10)

and the asterisk denotes the complex conjugate. The value of ¥ will not be needed
in our final expressions given in terms of the spatial variable r. We have also used,
in (9), the homogeneity condition

k) = 22 50k, — k) ot ),

where ¢ is the Dirac delta function and V is the volume of the system. The validity of
this condition is consistent with our limitation of slow spatial variations of average
quantities.
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Substitution of (7) and (8) in (9) yields
pop(t) duy(t)/ox) = AZ + AZ, (11)

Ag, = _(?ni)TVfdk k Qug(t) Ne(t)),

2 k2 ol
43 = e [ e (2 )<ttt wat) 2,

where A7) is seen to be the contribution to the pressure-strain rate from the non-
linear fluctuation part of p, and A% is the contribution from the mean-flow part of p.

It is the term 4J for which Rotta (1951) proposed a model that has been widely
used. Evaluating this term presents the familiar closure problem of calculating third-
order velocity correlations, {u} M), in terms of covariances (Reynolds stresses). We
will obtain closure for (u% N,), by first expressing u in terms of second-order (non-
linear) velocity fluctnations so that (u} N,) can beexpressed as a fourth-order velocity
correlation. Closure approximations can be applied directly to that fourth-order
correlation. The main task is to derive a nonlinear expression for u. This is done next.

3. Expression for u,(t)

An expression for %, can be readily obtained by a formal solution (an integration)
of (2). It is convenient to first write (2) in the form

(-a% + U.V) u(t) = L(r,t), (12)
L(r,t) =—[u(t). Vu(®)] —u.VU—w+VV2u(t).
0

A formal solution of (12) can be immediately written as

t
u(t) = fdr1 Gy(r,t; 1y, 0)u(r,, 0) +f dtlfdr1 Go(r, t;ry, 8) L (ry, 8) (13)
0
where G(r,¢; 1y, t,) is a Green’s function defined by
i
(é_t +U. V) Go(r,t;ry,t) =0, (14)
Golr,t;19,8) = 8(r—ry).
Equation (13) can be verified by differentiating both sides of (13) with respect to ¢
and substituting (14) and (13). The quantity G, can also be viewed as the integrating
factor of (12). That is, (12) can be viewed as a linear inhomogeneous equation with
the homogeneous part given by its left side, and with G, is the solution of that part.
Note that Gy(t) is explicitly given by
Gy =exp[—(t—t)U.V]é(r—r,)
=dr—(t—-t)U-r,] (15)
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for our case in which U varies slowly, or not at all, with ¢. More generally, when
U = U{(¢) varies with time,

G, = exp [—Jt dtzU(tZ).V] S(r—r,).

A simplification we anticipate is that G, will be found to drop out of the term

{p ou,/ox).
The z component of (13) gives u,(t) = u,(r, t), which we need for 4}, as:

u(t) = f dr, Gy(r, 1511, 0) ,(ry, 0)

¢ 7
—f dtlfdrlGo(r,t;rl, ty) {(u.Vuz)'-i-pglﬁ—vV%uz] , (16)
v a21 t1, 11
where the subscript ¢;,r; on the square bracket is a reminder that the functions
inside are evaluated at ¢, and r, [e.g. p = p(r,t;) and u = u(r,,t;) in (16)], 2, denotes
the z component of r; = (%;,%1,7,), V; denotes ¢/ér;, and we have used

(u.Vu,) = u.Vuy,—u.Vu,).

For present simplification we consider large Reynolds number so that vViu, can be
neglected in (16). This neglect is justified because the scales that are small enough
to be influenced by the viscous term do not contribute significantly to the pressure—
strain-rate covariance {i.e. such scales do not contribute significantly to the integral
in (33) or (37)}. Smaller Reynolds number will be considered in appendix D. Equation
(16) thus becomes

u(t) = f dr, Gy(r, £y, 0)u,(ry, 0)
t ;19D
——f dt, | dr Gy(r,t; 1y, ) [(u.Vuz) +pt — . (17)
0 0z, t,n

The Fourier transform of (17), needed for (11), is

t
() = Goult) w(0) —fo dty Gt —ty) [(0. VL)' + po ik, Pl (18)
where
) i
(u.Vu,), = Wfdklk (U, Uy, — (U, U,)) (19)
is the Fourier transform of (u.Vu,)’, k, = k—k,, and
Gult—1t) = fd(r —1;) Qy(r,t; 1y, t)exp [ —iK. (r—r;)] (20a)
~ exp{—itk.U). (20d)

is the Fourier transform of G. For the last step, we used (15).
To eliminate p, from (18) we substitute (7) and obtain %, in the desired form

t , k) oU,
walt) = Out) )~ [ dt Gonlt 1) | (0.9 ik N2 (%2 wa 2| . 21

Equation (21) determines wu, in terms of the nonlinear velocity fluctuation
(u.Vau,)y + ik, Ny. We can use this equation to calculate AN(t).
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4. Calculation of A%, (nonlinear part of the pressure-strain)

With u,, given by (21), we can express the triple velocity correlation (u¥, Ny) and
A} in terms of fourth-order velocity correlations.

The fourth-order correlation is obtained by substituting (21) in {uX(t) Ny(t)):
t
) ) = G0 L0 M) [ dtB(e— 1 [<Cu(t) Va6 Dt

G () D)~ 25 o) Dot 2 (22)

This equation can be substantially simplified at large ¢ (i.e. t larger than the integral
time scales) by the following considerations: First, the initial-value term {u%(0) Ny(¢))
decays towards zero as ¢ increases,

U (0) Ne(#)) /(1) Di(8)) > 0 (8> 0), (23)

even if the energy increases with ¢ (as in Harris, Graham & Corrsin 1977). It can be
shown that the time scale (e-folding time) of this decay is on the order of (kv,)~1,
where §v% = (u.u) is the mean-square kinetic energy density of the turbulence.
This scale is of the same order as the (Eulerian) decay time of the more familiar
velocity covariance (ui(0)u(¢)) {(e.g. Kraichnan 1959). Secondly, it can be shown,
as a corollary to (23), that at large ¢ (compared to integral time scales)

4
f A GR{E— ) Cullt) D0 = TeCult ), (24)

where 7, is also an (Eulerian) integral time scale on the order of (kvy)~!. Substituting
(23) and (24) into (22), there results (for ¢ larger than integral time scales)

{
(Uit )y = (1 +a)? f Gt —4) B (25)

Fy = [u(ty) - Vo (8) 1 Ne(8)) + ik LN (8,) Ni(8))s

k k) 2T,
aE'—2Tk( kz )_a?(),

which expresses (u}; N,) in terms of the fourth-order velocity correlation denoted by
F,. The large ¢ limit is consistent with our basic limitation of small variations on the
integral time scale.

The nonlinear part of the pressure-strain, denoted by A%, in (11), is expressed in
terms of fourth-order correlations by substituting (25) into (1 1):

: t
4% = sy [ Ak, | dt Gt~ B(1 40 (26)

To complete the closure problem for A%Y,(f) we must express F, in terms of stress
spectra (velocity covariances) and then perform the ¢, and k integrations. An expres-
sion for F, in terms of the stress spectra is derived in appendix A. This derivation
is based on the neglect of the cumulant of the two-time fourth-order correlation,
Quy (t,) ugh (b)) [ug, (6) ug, (1)) ), which occurs in F. Such a cumulant neglect is also
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basic to the direct interaction approximation (e.g. Kraichnan 1959; Leslie 1973;
Herring 1966; Edwards 1964; Weinstock 1977), and is much weaker than neglect of
single-time fourth-order cumulants in quasi-normal theory (Orzag 1970; Proudman
& Reid 1954). The closure expression thereby obtained for 4%, in appendix A is

v dk [ dk, 7,b(k) K
where
dk
S(k) = Cu(k, t)u*(k, £)) V-1, f G S(K) = u)

is the velocity covariance spectrum at wave vector k and time ¢, k, = k—Kk;, and
b(k) and 7, (an Eulerian correlation time, or damping time) are defined by

b(k) = k, K2 —k k,k?/k?,
7. = (3m{(k3+k}): Cau)]t.

Equation (27) determines the pressure-strain rate A%, in terms of measurable quan-
tities (velocity spectra S). This equation is a principal result of our paper. If the
spectra S were known, by theory or experiment, then it would be straightforward to
evaluate the k and k, integrals. At present, some aspects of § are known fairly well
and some are not. Hence, presently, (27) can only be evaluated for models of parts of
S, or by making assumptions about S. Afterwards, one can readily determine the
sensitivity of 4%, to these models.

Note that no approximations have been made about the anisotropy so that (27) is
correct to all orders (if expanded in powers of the anisotropy). Note, too, that 4%,
vanishes for isotropic turbulence (i.e. for isotropic S, (uu), and vanishing ¢U,/éz)
because, then, the integrand is an odd funection of k,. The main limitation of (27) is
to slow variations of mean quantities in space and time. The main approximation
is the cumulant discard discussed in appendix A.

In order to derive a Rotta-like expression from (27), we must linearize it in terms
of the anisotropy. This is done next.

5. A%, to first order in anisotropy (the Rotta term)

The purpose of this section is to explicitly express 4%, in terms of the Reynolds
stress. This expression is only derived to first order in the anisotropy, and a com-
parison is made with Rotta’s model. Afterwards, the theoretical value of Rotta’s
constant is calculated (approximately) —in §6.

To expand 4%, in powers of anisotropy, we divide S(k), in (27), into an isotropic
part S(k)? and an anisotropic deviation S(k)4 as follows:

S(k) = S(k)'+S(k)“,
28
st = 21 ) B e

where | is the identity matrix, and E(k) is a scalar energy spectrum. It satisfies

f " Ak E(k) = }u.u) = Bod, (28")
0
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Similarly, the stress tensor can be divided into an isotropic part 21 and an anisotropie
part {uu)4
uuy = 31+ (uu)4. (29)

Equation (27) can now be linearized by substituting (28) and (29), and neglecting all
second- and higher-order terms in the anisotropies 84 and (uu)4. This neglect yields

; dk [ dk, (m\!(b(k):[S(k,)S!(k,)+ S/(k,)S(k,)]: k?
AV =92 n 2 1 2
“ f (277)3f (2m)? (2) { (k2 + k2)} k2o,

1b(k): ST(k,) S/(k,): k*[(k] + kj): Cuu)*]

2 (k% + k)2 v 2

(30)

which gives 4% to first order in the anisotropy.
It is not difficult to express the right side of (30) in terms of the Reynolds stress. A
useful simplification comes from incompressibility:

k,.S(k;) =0, k.S(k,) = (k;+Kk,):S(k,) = k;:S(k,).
The first term in the integrand of (30) can thus be expressed, with (28), as

k
b(k): S(k,) S¥(k,): k22 = [kz (k,.S(k,).8)~ (k;cz ) (k,.S(k,). kz)]

(k, .kl)Z] 212 B (k) 51)

2_
=S T
and the second term is expressed, after interchanging the dummy variables of integra-
tion (k,— k,, k,—~K;), as

b(K): S7(k;) S(k,): k%% — [kz (klz_ ’ﬁlzzg___kl)) L (k§ _ @é@j)]

o2 E(k,)

x (ky. S(k,).ky) T

(32)
The third term of (30) can be evaluated in a straightforward (although lengthy)
integration, and we have found it very small in comparison with (31); it is henceforth
neglected.

We wish to separate S,,(k;) ==%.5.2 from all the other spectral elements
(S2a(Ky), Syy(Ky), Spa(Ky), Sy (Ky), Syp(ky)] in (31) and (32). The reason behind this
separation, as will soon be made clear, is that the Rotta hypothesis predicts that
A%, should depend on S,, in the form f dk,S,,(k,) and not on the other spectral ele-
ments (e.g. S,.). In fact, if the Rotta hypothesis were exact, then all the spectral
elements other than S, would cancel out of (30). To effect this cancellation, it is
necessary to express S,, and S,, in terms of §,, by means of the incompressibility
conditions

ky . S(k) & = kS p(Ky) + Ky Sy (Ky) + by, Sia(ky) = 0,
k;.S(k;).2 = ko Spu(ky) + Fyy Sye(Ky) + K1, S.0(ky) = 0.

1y~ yz
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These expressions are substituted for S,, and 8§, in (31) and (32), and, for later
convenience (see §7e), we also insert the expression

A = Pk 2—’“3&) k,.S(k,). &+ (%f—k&) kl.S(kl).i] [1— 1k, k)2 = 0
k2 kyy, ky,

in (31) and (32). After these substitutions are made in (31) and (32) we obtain the

temporarily lengthy expressions

. I 2
b(k): S(ky) S7(ky):K? _ [k (o= 2 S S+ Sl
1y

k2

2k, k
[kngm: + k3,8, + k%zSzz ] (klz Szz + klz Szz)

2y vy kl
Y

k k,
L

_ 2k2y kZZ (k S + k S )+ 2k2xk228xz:| - zA}

k 1z~ zz 1222
1y

2E(k
i U= (i, ) (31)
and

:SI(k,) S(k,): k2 -k k
b)) Stk =”h@MﬁM% )Ll - (o)

sk (18,0t k10 S,n)

k 12~ xz 1z~ xx
1

X [k%azszz + k%ys + kfzazszz -

(klezz + klezz) + 2k2zk2282z:| + AJ

vy
v

_ 2kgyky,
k

2m2E (k)

—_—— 32’
kzkg ) ( )

1y
where &k, = k,/k, denotes the unit vector along k,, and to condense notation we use
8;; to denote S;;(k,) so that, for example, S,, = §,(k,).

To express A%, in terms of S,,, we next substitute (31') and (32’) back into (30) and
divide the result in two parts: one part containing only the spectrum S,, and a
remainder part, denoted by R’, containing all the other spectra S,,, S,,, 8,,, 8,,, and
8, Thus, we write (30)

30 odk, (dk,yE(k,)S_(K,)
N — _ Z 1 ___Zy 2 e\ '
Azz = 2 (2) f(zﬂ)a 477 vokg +R , (33)

where

Y= (k fp kzklzkw) -k ky)2 {2kmk
Tk (R3+1piz | F
A [k _kgo(Ky - f(z)]} {2k2z kgy — 2k kyy(Kaz k1o + Koy kzz)}
Lk CEES
_kigky, {2[7‘7% = (k;. k,)?) _ 1} 2k, b1y (Rag ki, + Kin k)
K ks (k + k)t

where R’ denotes all the terms coming from (31') and (32') that contain spectra other
than S_,. The prime on R’ is a reminder that it (R') does not contain S,,. Note that the

k integration has been transformed into a Kk, integration by k = k; +k,. We also
wish to reassure the reader that, although y is quite complex looking, the integrations

1R — (k. k,)?)

v

2

[1-3(k,.k,)2,
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in (33) can be easily performed, as is done later on. Furthermore, the first term (con-
taining k_k,,) is dominant; the other terms of y are small and provide a small
correction.

Equation (33) can be easily written in terms of the stress. To do so we simply
multiply the numerator and denominator of the S,, part of (33) by {u,u,), and use
the definitions (277)—3fdk S,.(k) = {u,u,> and (477)—1fdk2E(k2) k3% = 302 to obtain

AY, = —k*olu,u,y+ R, (34)
where k* is a wavenumber explicitly defined by

% _ m\? [ dk dkz’yE(k )sz(k1) dl(1 dk, B(k,)]~! ,
k :3(5‘) f G B “ Cl = k] ;34

so that k* is the mean value of y averaged over the velocity spectra S,,(k,) and
E(k,) k32 The quantity (k*)~! is a novel kind of integral scale because it is a double
integral over two spectra. This integral scale is basic to, and characteristic of, the
pressure-strain-rate tensor; a knowledge of k* is equivalent to a knowledge of AY,.
It is shown in the next section that k* is readily calculated.

The first term on the right-hand side of (34) agrees with Rotta’s model; we refer to
it as the ‘Rotta term’. This is the term we are interested in, and to which we devote
our attention. The R’ term is a deviation from Rotta’s model. That is, it can be seen,
by using (277)—3fdk 8;;(k) = {u;u;), that R’ is linearly proportional to the stresses
other than {u_ u,), and, hence, constitutes a departure from Rotta’s model. We will
carry this term along even though it is found to be very small in §7 (e).

Returning our attention to the first term of (34), we note that it is almost in the
form suggested by Rotta. There only remains to evaluate k* in terms of the energy
dissipation rate ¢ and the turbulence kinetic energy density e, = 3v3. To make
this evaluation, we have only to note that (k*v,)~! and €¢/e, both have the same
dimensions (time) so that (34) can be expressed in the Rotta form

Agz == %Oxz (eﬁ) <u:xuz> + R, (35)
o
where C,, is a dimensionless proportionality constant given by
Ozz = 2k*’1}0(6/60)_1 (36)
or, equivalently, with k* given by (34'),
_ a7\ (v0e0\ [ Ay [dky yE(ky) Spu(ky)
=0 (5) (%) [ o [ 5 e 47

The numerical value of C,, is calculated in §6. Equation (35) determines A%, in terms
of {u,u,y. However, for a comparison with Rotta’s model we need the symmetrized
quantity AY,+ ALY, The transpose correlation A2, is readily obtained by taking the
transpose of our previous equations. It is thereby found that 4, = A%, to first order
in the anisotropy. Hence, we finally have, from (35), the desired expression for the
(nonlinear part of the) pressure-strain rate in the Rotta form:

, € ,
A;Iz'f'Az]\.c = '—Oxz; <u:cuz> + 2R, (38)
0
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The first term on the right agrees with Rotta’s model. The term 2R’ constitutes a
small deviation.

Thus, statistical turbulence theory has been used to derive Rotta’s model to first
order in the anisotropy for an off-diagonal element of py{p[Vu+(Vu)T]). This
verification is only partial because Rotta’s model requires that equations analogous
to (38) be valid for all the elements of the pressure—strain tensor, and that the pro-
portionality constant be the same for each element (e.g. C,, = C,, = C,,).

An important distinction between (38) and Rotta’s model has to do with the
dimensionless constant C,,: in the latter, C,, is an undetermined constant that must
be estimated empirically. In (38), on the other hand, C,, is explicitly defined by (37)
in terms of the (shear stress) spectrum, and can be calculated in principle (see §6).
This might have practical importance because it is very difficult to obtain a direct
experimental measurement of A%, or, consequently, of C,,. To our knowledge, such
measurements have not been made away from a boundary. Neither have the diagonal
elements (e.g. 42,) been measured. Note that C,, is actually the ratio of two charac-
teristic decay times, a velocity correlation time and the viscous dissipation rate. Both
times are increasing functions of the total turbulence energy, which tends to cancel
out, and, consequently, C,, may not be too sensitive to the energy-containing part of
the spectrum. This is borne out in (44).

6. Theoretical calculation of C,,

In this section, C,, is calculated by performing the k, and k, integrations in (37).
These integrations require that some assumptions or models be used for the spectrum
S, The sensitivity of C,, to the models will be examined afterwards.

In spherical co-ordinates, the integrations over the directions of k; and Kk, in {37)
can be performed by making straightforward approximations. These integrations are
given in appendix B, where it is shown that (37) reduces to

om () () [ an [ o S @

Here, the scalar spectrum E_,(k,) is the integral of S_,(k,) over a spherical shell of
radius k,; that is,

kZ 27 m
Bolle) = o g [ d,5in0,5..0k,), (10)

where 0, is the angle that k; makes with the x axis (k,, = k,cos0,) and ¢, is the

(azimuthal) angle of k; in the plane perpendicular to the x axis.
This scalar spectrum satisfies

dk, ,
[Tt B k) = [ G5tk = G, (40

where —{u_u,) is the £2 element of the stress tensor.
The main approximation was to simplify the integrals of (37) by taking k, ~ k, for
some of the factors in . This approximation is investigated and justified in §7 (b)
To complete the evaluation of C,,, we have only to carry out integrations in (39).
This will be done for a class of models of E(k,) and E_,(k,), and, afterwards, the
sensitivity of C,, to these models is examined.
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Preliminary rough estimate of C,,

As a preliminary to the model calculation of C,,, it is enlightening to first quickly
estimate it and k* from a general consideration. To do so, we make the familiar
assumption that E(k) has a maximum value, or peak, at some wavenumber &, and

that the main contribution to the energy integralJ dk E(k) comes from kin the vicinity
0

of k. This vicinity is called the energy-containing region. Similarly, we make the
additional assumption that the peak of £ _,(k) is at or near k ;. In that case the main
contribution to the integrations in (39) comes from k, ~ k;, k, ~ kz, because the
factor k2k3(k2 + k2)~¥ varies more slowly than E(k,) E,(k,) for most values of k, and
k,. Hence we set k; ~ k, ~ k in that factor to approximate (39) as

e ey
() )]

~ () () o

(preliminary very rough estimate). The estimate of £* is obtained by substituting (41)
n (36):

k¥ ~ (614)% ky. (42)

Equation (41) shows that k* is related to k£ in a simple way, and is not as obscure as
it may have seemed at first glance.

Precise calculation of C,, for model spectra

To obtain a more precise evaluation of C,, and k* we must resort to a model of E(k)
and E (k). Afterwards we will examine the sensitivity of k* and C,, to that model.
A convenient model of E(k) was used by Reynolds (1976) to estimate a parameter of
decaying turbulence, and was previously used by Comte-Bellot & Corrsin (1966). It is
given by E(k) = aetk=% for k > k; and E(k) = act(kz3™) k™ for k< k;,, where
m > —1 and a ~ 1-5 is the Kolgomoroff constant. The spectrum of £, (k) decreases
more rapidly than E(k) as k increases above k. For examples, Kaimal e al. (1972)
find that S,,(k,), a one-dimensional spectrum closely related to K (k), varies as
k3% for k, > k,, and Panofsky & Mares (1968) find S,,(k,) « k3. We therefore feel
it is reasonable to take E_,(k) oc k=% for k > k. [The data of Champagne, Harris &
Corrsin (1970) also show that S,,(k,) decreases faster than k£-% in the inertial sub-
range.] Hence, our model E, (k) is taken to be E_(k) = Bk} for k> k; and
E_ (k) = B(kzt-™) k» for k < k,; where B is a normalizing constant determined to be
= k% [2 + (m+ 1)~ 1{u, u,) by requiring that E_,(k) satisfy

[ i) = Gu.
0
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Substituting these expressions for ¥ and ¥, into (34') and (28’) yields k* and ¢} as
m\t
k* ~ 0-52 (g) [1+1-3(m+ 1)1k, (43a)

0} = aelkT 1+ 3(m+ 1)71] = e, (43b)

Note that this k* is quite close to (within 20 9%, of) the general approximation (43) for
a wide range of m (1 € m < 6).

Finally, C,, is obtained by substituting the model expressions for £ and £, into
(39) or, equivalently, by substituting (43«) and (43b) into (36):

3 (m\t [1+3(m+ 1)1}
sz = § (E) (052) ot __.__—__..__—[1+ 1-3(m+ 1)_11,

C,=18 (form = O)l
c

(a small correction is given in (44')), which is seen to be insensitive to m, the large-
wavelength behaviour of the spectrum. A small correction discussed next paragraph
gives C,, = 1-6 to 1-7 [see (44')]. This theoretical value of C,, is fairly close to recent
empirical determinations of the Rotta constant (e.g. Launder et al. 1975; Reynolds
1976). It exceeds them by only 20 9%,. However, it exceeds by a factor of 1-7 the Rotta
constant C that was determined by Lumley & Newman (1977) from the experimental
data of Comte-Bellot & Corrsin (1966), That is, their value C = 2 corresponds to
C,,= 1 when our definition is used for the Rotta constant. That value of C is significant
because, as was pointed out by Lumley & Newman (1977), it corresponds to no return
to isotropy for very weakly anisotropic turbulence at infinite Reynolds number. It
is beyond the scope of our paper to discuss the latter phenomenon (i.e. the observa-
tions of extremely weak return to isotropy of weakly anisotropic turbulence). Instead,
we will mention several considerations, each of which might account for difference
between our value of C,,and the Lumley & Newman value of C: The first consideration
is that there may be no difference because we calculated the off-diagonal element of
the pressure-strain-rate tensor whereas Lumley & Newman determined C from the
diagonal elements. To our knowledge there is no unquestionable proof that, to lowest ‘
order in anisotropy, the Rotta constant is exactly the same for all the elements of the
pressure-strain rate; that remains to be seen. Furthermore, the off-diagonal elements
of the pressure—strain rate and of the stress tensor were probably zero in the Comte-
Bellot & Corrsin experiment (they were not measured), and, hence, those elements and
C,, may have little to do with the observed slow return to isotropy of the diagonal
elements. It should also be noted that recent measurements of fully developed turbu-
lence (Harris ef al. 1977) show fairly large differences between the various C};’s.
However, that turbulence was appreciably anisotropic and the conclusions therefrom
are not applicable to weak anisotropy. The second consideration is that the experi-
mental decay rate was equal to the viscous dissipation rate; a rapid decay which
violates our stationarity assumption. Neither (23) nor (24) can be a priori used in
{22) for such a rapid decay, and, correspondingly, the correlation time 7,in (A 11) and
(27) could be significantly altered, and so could the value of C,,. We wish to add that
we know of no theory that is a priori quantitatively correct for such a rapid decay.
A third consideration is the error caused by the cumulant neglect. This error is

(44)

17 (form = 4))

Tz
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thought to be small, but we really do not know its magnitude. Any of these considera-
tions provides a potential explanation of the difference between our value of C,, and
the value of C determined by Lumley & Newman (1977). In fact, each of these con-
siderations point to an area of future investigation:

(1) the ratios of C,,, C,,, C,, and C,, to each other;

(2) the influence of rapid time decay on C,,; and

(3) the error caused by the cumulant neglect in appendix A.

In view of the number of approximations that have been made about the spectra,
it seems surprising at first glance that our theoretical value of C,, is as close as it is to
several previous determinations. We believe that this agreement is not entirely
fortuitous. To explain why we believe so, we next examine these approximations for
the errors they introduce.

7. Errors of theoretical C,, caused by approximations

In this section we wish to examine the approximations or assumptions in our
calculation of C,,. These are: (a) the model long-wavelength behaviour of E(k,) and
E,_ (k)); (b) the assumption that the maximum of ¥_, occurs near the same wave-
number as the maximum of E; (¢) the assumed powers laws E_ (k) cc k=¥ and
E(k) oc k% at large k; (d) approximations used in appendix B related to assumption
(b); (e) the neglect of the remainder term R’; and (f) the cumulant neglect (appendix
A) used to obtain (A 4).

Assumption (a). It is seen in (44) that C,, is, fortunately, quite insensitive to the
behaviour of £ and £, at large wavelength. In fact, (44) shows that C,, will only vary
by 59, as m varies from 0 to co. This insensitivity is due to a cancellation between
the m dependencies of k* and v,.

Assumption (b). To discuss this assumption, let k; denote the wavenumber where
E(k) has its maximum, and let k7, denote where E_ (k) has its maximum. It is shown
in appendix C, for simplified models of E(k) and E k), that, if k7/k; = 0-5, 0-7, 0-8
and 2-0, then C,, would be reduced by 25, 3, 0, and 25 9, respectively. The maximum
value of C,, occurs near k7/k; = 0-9. From the data of Champagne ef al. (1970) and
Kaimal et al. (1972), it is argued in appendix C that k7, & 0-7k,. In that case, C,,
would be reduced by only 39,. However, it is cautioned that this reduction was
based on several assumptions that were used to estimate three-dimensional scalar
spectra from measurements of one-dimensional spectra. A more precise determination
of k7/k; must await future experiments. Nevertheless, it does suggest that C,, could
be reduced a little from the value in (44) to

C,=17 (form= O),l

=16 (form= 4).J

Assumption (c). The assumed power laws E(k) oc k=% and E_,(k) oc k% at large &k
(k > k,) are more reliable than the other assumptions. (We ignore the dissipation
range for large Reynolds numbers.) Although these power laws are well founded, we
have calculated how deviations in them would alter C,,. These calculations show that
C,, changes by less than 59, as the power law of K, is varied from k% to k-2 or k-3
at large k. On the other hand, it is found that C,, is very sensitive to the behaviour
of E(k) at large k. This is because C,, explicitly depends on ey/¢ [see (36)], and the

(44)
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latter strongly depends on the behaviour of E(k) at large k. Thus, the numerical
value of e(e,v,kz)~" given by (43b) is correct if E(k) oc k=3 for k > k. Otherwise, it
and C, could be very different. Our basic assumption for evaluating C,, is that the
— 32 power law of E(k) is valid at large Reynolds number. At low or even moderate
Reynolds number C, will differ significantly from (44). In fact, it is not difficult to
show that (vye k;)/e and, consequently, C,, decrease by 259, when the Reynolds
number decreases to 30 from much larger values — with E(k) oc k%, At constant
Reynolds number it is not hard to show, for a power-law spectrum E(k) oc k5, that
the value of (vye.k;)/¢ increases as the power s decreases. Hence, C,, will likewise
increase as s decreases. [It is interesting to note, from (34), that A%, is not very sensi-
tive to the form of E(k), although C,, is. For this reason, it may sometimes be more
advantageous to use (34) than (35).]

Assumption (d). Approximations in appendix B that pertain to the spectra include
those in (B 5) and the assumption that 2k2(k% + £3)~! can be taken equal to 1in (B 17):
this assumption is examined and accounted for in appendix C and in assumption (b)
where we discussed cases of k7, + k. The assumption in (B 5) is also justifiable by the
considerations in appendix C where it is found that k7, ~ 0-7k;, which implies that
ky = 0-7k, in (B 5). Hence 2k, ky/(k}+ k%) ~ 0-93. In addition cos@ is usually small

ie. L d(cos@)cos?f = 1. Hence the average error (over 6) in (B 5) is about
2 0 3 g

(1-0-93)x1 ~ 0-02.

Assumption (e). The remainder R’ was obtained from the substitution of (31') and
(32") into (30). It was defined as the collection of all such terms that contain the
spectra S, S,,, S,,, 8,,, or S, (and not S,,). Hence, R’ contains k, and k, integrals
of spectra other than S . These integrals can be evaluated in the same way as the
right-hand side of (37) was evaluated to obtain C,,. We have evaluated R’ this way
and found it to be very small: only a few percent of AY,. That calculation of R’ will
not be given here because, although straightforward, it is lengthy, and we do not
want to enlarge this paper unnecessarily. The purpose of adding A = 0 to (31') and
(32’) can now be explained. The presence of A adds S,, and S,, in such a way as to
cause R’ to be only a few per cent of A%,. Without A added, R’ would be about 20 %,
of AY, and C,, would be 20 9, larger than given by (44').

Assumption (f). The neglect of the cumulant of the (two-time) fourth-order velocity
correlation is the most uncertain of the approximations we have made. Such a neglect
is basic to most statistical turbulence theories (e.g. Kraichnan 1966; Leslie 1970;
Herring 1974). Here, this neglect is partly mitigated in that it is used in a more
innocuous way than in the cited turbulence theories. Furthermore, we note that such
a neglect is justified by Batchelor (1959, §§8.2 and 8.3) for the energy-containing
scales. Another point we wish to stress is that the present neglect of the two-time
cumulant is not to be confused with the neglect of a one-time cumulant in quasi-
normal theory (e.g. Proudman & Reid 1954). The latter has the defect of causing
negative energy spectra, whereas the former does not. Nevertheless, we have not
estimated the error in C,, caused by the cumulant neglect — although it may be
estimated at a future time.

To conclude our discussion of errors, we note that the cumulant neglect is the main
uncertainty of the derivation. The spectral assumptions (a)-(e), together, are estima-
ted to introduce an aggregate uncertainty of about 109, — provided that E(k) oc k%
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(for k& > k;) at large Reynolds number. However, it is to be understood that the
spectral error estimates are based on present limited experimental understanding of
E(k) and E_,(k). A more precise understanding of these spectra will allow us to be
more confident about the range of possible values of C,,. The main point to be empha-
sized is that C, is fairly insensitive to the large-wavelength forms of the spectra E(k)
and 8,,(k), and, for that reason, can be estimated from a limited knowledge of these
forms. A secondary point is that C,, is sensitive to the behaviour of E(k) at large k.

8. Summary

1. (@) Statistical turbulence theory is used to prove that, to lowest order in the
anisotropy, an off-diagonal element of the (nonlinear part of the) pressure-strain-rate
correlation is proportional to the corresponding element of the stress tensor:
AN + A%, = ~C,,(¢/ey) {u u,y. Higher-order terms in the anisotropy are formally
given but not evaluated in this derivation.

(b) 1t is pointed out that A%, is also linearly proportional to other elements of
the stress tensor, such as (u,u,> from the §,, spectrum term in (30), but that the coeffi-
cients of these elements are small enough to be neglected. These are contained in R’.

2. An expression for the proportionality constant (Rotta constant) C,, is derived
in terms of stress spectra. Hence, the value of C, can be calculated theoretically from
a knowledge of the spectra. This may have practical value because it is difficult to
empirically determine C,, in an unambiguous way, or to measure C,, (or A%,) directly.

3. (@) The numerical value of C,, is estimated by using theoretical approximations
and experimental measurements of stress spectra. This theoretical value of C,, is
about 1-6 or 1-7 depending on the long-wavelength behaviour of the spectra.

(b) A principal conclusion of this paper is that C,, is very insensitive to the large-
wavelength behaviour of the stress spectra. This insensitivity is attributed to the
fact that C,, is actually the ratio of two different time scales [see (36)] both of which
depend on the long-wavelength (energy-containing wavelength) behaviour of the
spectrum. That behaviour thus tends to cancel out of C,. As a consequence of this
cancellation it has been possible to estimate the uncertainty introduced by those
approximations that pertain to the spectra. This estimate is about 10 %,

(¢) The main uncertainty of the derivation is the neglect of the (two-time)
fourth-order velocity cumulant in appendix A.

4. The derivation supports part of Rotta’s hypothesis. The verification can only
be partial because (38) only applies to one element of the pressure-strain-rate tensor
po{pVuTy, whereas a basic aspect of Rotta’s hypothesis is that analogous equations
hold for all the elements with C,, = C,, = C,,. However, the other elements can be
readily calculated by the same method.

5. The Rotta constant C,, is quite sensitive to the behaviour of E(k) at large k.
This is because (,, is proportional to kv /e, and the latter is easily shown to strongly
depend on the large k behaviour of E(k). However, the pressure-strain term A%, is
not so sensitive to E(k), because it is proportional to ¢C,, and, hence, the ¢ dependence
cancels out. In §6, it is assumed that E(k) oc k=% (at large k) when the Reynolds
number is large, so that k,v3/¢ is given by (44b). The value of C,, is expected to
significantly decrease when the Reynolds number decreases to below about 30 because,
then, k7 v3/¢ decreases.
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Appendix A

In this appendix we calculate the fourth-order velocity correlation Fy and the
pressure-strain term A%,. This calculation is divided into two parts. In part 1, F, and
AY are derived in terms of two-time velocity covariances (uy (f;) ug(t)) = S(k;¢,t,) V.
In part 2, <uf(f)uy(é)) is expressed in terms of the single-time covariance
(u¥(t)u,(t)) = S(k) V, and the ¢, integration of 4%, is performed.

Part 1
Substituting (8) and (19) into the definition of F; given by (25), we have

. dk, ~ k2
it = [ ks ok uf ) ) [ (0w O
2 k2
~ ek U () U ) [, (0w O, (A D)
where
k,=k-k;, k,=k-k,

To close the fourth-order correlation in (A 1) we first expand it in cumulants as
Qug (f) wi(ty) [ug (8 uy ()17 = QU (E) Ui, (6)) Uty () Uy, (8))
+ QUi () ug, () Cug,(6) ug (8> + QU 1), (A 2)

where Q@ is the (fourth-order) cumulant of the correlation on the left-hand side of
(A 2). [Note that the term {uj(t,) ug,(,)) (ug () uy,(¢)) is not included in the right-
hand side because only the ﬂuctuatlng part of uy (¢)uy () occurs in (A 2). That is
(A 2) contains

(U, () uy,(£))" = uy () Uy (£) — Qg () uy ().

The cumulant @@ is a two-time fourth cumulant and is very small for large (¢-¢,).
Our basic approximation is to neglect §®. The neglect of this two-time cumulant is
different from, and not as serious as, the neglect of single-time fourth-order cumulants
in quasi-normal theory. A similar neglect of two-time cumulants is basic to the
direct interaction approximation (Kraichnan 1959; Weinstock 1977, see the discussion
in §IV A).

Before substituting (A 2) in (A 1), we express the covariances in (A 2) as
<uk1 uks > - kl: ¢ tl) (277)3 6(kl - k3)51 (A 3)
S(kyst, ) = Cuf(t)ug @) VL,

where § is the Dirac delta function, and S(k;;¢,¢;) has been normalized with ¥ so as
to satisfy

= (dk; S(ky;t,4) = Cu(r, ) u(r, ).

Equation (A 3) is valid for homogeneous turbulence, and approximately so for our
case of slow variations of average quantities on scales 27k~ < L,. Substituting (A 3)
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and (A 2) in (A 1), neglecting @,(t —¢,), and using k, = k—k,, k, = k—K,, we obtain

. k 2
ik, F = ZVJ% {ksz:S(kl;t, t) S(ky;t,t,) :%
2 2
_kzkz;c_(i :S(ky; ¢, t) Sk, ¢, tl):% , (A4)

which expresses Fy in terms of two-time velocity covariances S(k;¢,t,). The symbol Z
denotes the unit vector along z. Substituting (A 4) in the nonlinear part of the
pressure-strain term, A%, given by (26), we have

, ~2 [ dk [ dk, [t K2
450 = f e f - f Gt~ 1) bI): St ) S(kyi,):
2
b(k) = b, k& — kx’;;k . (A 5)

Part 2

The purpose of this part of appendix A is to express the two-time covariances in
terms of (familiar) single-time covariances. This is not too difficult because, in (A 5),
we only need to know S(k; ¢, ¢,) for values of ¢ — ¢, less than the correlation time 7. Here,
we define 74, to be the ‘e-folding’ time of S(k;¢,t,) as follows:

S(k;t,t—7g) = e 'S(k;t,t) = e 1S(k). (A 6)

As t—t, increases beyond 7z the magnitude of S(k;¢,t,) decreases towards zero and,
s0, does not contribute much to (A 5). Furthermore, much is known about the time
dependence of S(k;t,¢,) because it is basic to the direct interaction approximation
(Kraichnan 1959) and has been widely studied for more than a decade. Several
calculations of homogeneous isotropic turbulence (e.g. Kraichnan 1959, 1966; Riley &
Patterson 1974; Weinstock 1976) show that S(k;¢,t,) is well approximated for
t—t, 71, and U=0, by
S(k;t,ty) = S(k)exp[—k™§(t—1,)%], t—t; <7p, (A7)
S(k) = S(k;1,1), (A 8)
where 2% = }{u.u). It is seen that S(k) is just the ordinary (single-time) spectrum of
the velocity field at time ¢. It is related to the Reynolds stress by

{uu) = f(—g:? S(k). (A9)

It can be shown that for anisotropic turbulence (A 7) should be
S(k;t,t) = S(k) exp [ — $kk: (uu) (1 - ¢,)?]

(see equation (53) of Weinstock 1976). For the present case where U + 0, this equa-
tion is easily generalized to

S(k;t,t,) = S(k)exp[—ikk:{uu) (¢ —1,)2—ik. U(t—¢t,)] (t—t, < 7g), (A 10)

assuming small variation of U on the scale L,. The magnitude of S(k;¢,¢,) mono-
tonically decreases with increasing ¢ —¢,, although the rate of decrease is slower than
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that of (A 10) when t —¢t; > 75 (e.g. Kraichnan 1959, 1966). However, when {—¢;, > 7y,
the magnitude of S(k;¢,¢,) is so small that (A 10) can be used in (A 5) for all { ¢, with
little error.

We wish to use (A 10), in (A 5), even though it has only been tested for homo-
geneous turbulence. This use can be justified as consistent with our assumption of
weak inhomogeneity. We therefore substitute (A 10) into (A 5). We also substitute
(20b) into (A 5) to obtain

dk [ dk, K B

x f : dty exp [ — (K + k2): Cuwy (=17,

which becomes for large ¢, ¢ > [(k3+k2): (uu)]?,

(A 11)

dk [ dk, 7, . _
4% =~ 2f(2ﬂ)3f(2”)3 = b(k): S(ky) S(ky): 75
7, = (m/2)F[(K§+K3): Cuu))+.

Note that the U term in G (t —¢;) has cancelled out the k.U term in (A 10) so that
AXN(t) does not depend on U in an explicit way. Equation (A 11) is the desired ex-
pression for A%, in terms of single-time velocity covariances S.

Appendix B

To perform the spherical integrations in (37), it is convenient to divide it into four
parts by dividing vy into four parts. To obtain the desired division we use
kyky, = k3, +ky Ky, and &y, + ky, = k,. We are thus able to write (33) for y as

Y=Y1+Ye+Ys+ Ve
_ R - (ky Ky)%)

1 =

(k2 + k) k2
y, = iekae—kobiky, k1) (K= (ky &)
’ (k2 + 12)t k2 ’
,}, = — 4kz kzk%(l + f{1 . f(z)z [k2z k22 - ka kI:’ll/(kZz klz + klx k2z):[
3 B (6 + By b ’ (B 1)
21+ k, k) k&
Ya=2 {kzkz(f(r f(z) [1(—]021_&)—_-10_:]

+ kx klz(l + kl kz)} [kzz kzz — k2ll k_l‘}/(kzz klz + klz kZZ)]

k3 (k2 + k2)} k2
2[1{:% - (kl . f(2)2] 2k2y kzgl(k2z klz + klz k22)
—klxklz{ L2 —1} (k%-i—k%)%kz [1_%(R1-k2)2],

where to separate y; from the other parts of y we used

(68— (k. k)] = 31 — (k. Kky)2) = R2[(1 + K, Ky)2—2(k, . K&y) (1 + Kk, K,
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The purpose of the division of y in (B 1) is to cause an approximate cancellation
of k,k, from the factors i} — (k,k,)? and k% = k¥ +k:+2Kk,k, in y,, v,, and vy,
These cancellations are described by (B5) and (B 13).

Substitution of (B 1) in (37) thus yields the four parts of C,,:

C,, = CD4 0@ 40O 1 (W, (B 2)

; 4 dk, (dk,v.E(k)S. . (k
@ =g (") (Yoo 1 (0K, yi Blly) Sppky) .
cn=6 (2) ( € )f(27r)3 dm  Kley(u u,y 1=1,2,3, 4.

We calculate CO first because it is simplest, and, we find, largest. It is given by
(B 2)and (B 1) as

0w =6 (z)* (u) f dk, fz'l_k_ Mk = (K ko1 Blky) Su(ky) gy,
2/ \e JJ@mP) am (4 B Rk e, u,)
Let 6 denote the angle that k, makes with k,:
k,.k, = k, kycos0.

The main dependence of the integrand of (B 3) on 0 is given, with k2 = |k; + k,|?, by

[k2—(k,.ky)2)  E3(1—cos?6)
K3+ 3+ 2k, K, K3+ KE+ 2k, kycos 6

The chief assumption we shall make to evaluate CV, as well as the other C®, is that
the main contribution to the (scalar) k, and k, integrations in (B 3) come from %, ~ k,.
This assumption leads to an error of about 29, (see §7d) and greatly simplifies the
integrations in (B 2). The basis of this assumption is that the main contribution
comes from the energy-containing region in the vicinity of which E(k,) and S_,(k,)
have their maximum values. It is then assumed that S_(k,) attains its maximum at
approximately the same wavenumber as does E(k,). This assumption is tested and
justified in appendix C with the experimental data of Champagne et al. (1870) and
Kaimal et al. (1972). Hence (B 4) can be approximated by

(B 4)

(13— (k;.ky)2]  k3(1—cos?f)
k2+k3+ 2k, .k, (k3-+kB) (1+cos §)
_ k}(1—cos0)
T (kB4R

(B 5)

When (B 5) is substituted into the integrand of (B 3), the cos @ vanishes compared
with unity because the remainder of the integrand is independent of #; that is,
we have fdklfdk2 cosf ~ 0 when the cos® part of (B 5) is substituted in (B 3).
Substitution of (B 5) in (B 3) thereby yields

¥ feovy) [ dk, [ dk, k2, k2 E(k,)S, (k,)
w_g{™) (9% 1 2 Koy KT LU Ko ) D gy Ky
© 6(2) (* )f Br)) 4k + K R e, v,y (B6)

We next express the k, and k, integrals in spherical co-ordinates, e.g.

© T 2m
f dk, = f Kadk, f d6,sin 6, f i,
(i} 0 (i}
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where 6, is the angle k, makes with the & axis (ky, = kg c0s 6,), and ¢, is the (azimuthal)
angle of k, in the plane perpendicular to x. We then perform the 6, and ¢, integra-
tions in (B 6) as follows:

27 k4
L f i, f 46, sin 0, k2, = 33 (B 7)
4 0 0

We also integrate S_,(k, ) over a spherical shell of radius &, to obtain a scalar spectrum,
which we denote by E_,(k,):

k2

E, (k)=

o T
; k B
o f i, fo 46, sin 6, 8,,(k,), (B 8)

where 0, is the angle k, makes with the x axis and ¢, is the azimuthal angle of k;.
Substitution of (B 7) and (B 8) in (B 6) finally gives the scalar integral:

a5 (0[] o Gy Y

Next, we evaluate C®, The expression for C® is given by substitution of y, in
(B 2):
oo o (3! (1) [ o, [l bulb bk b )?] B(k) S.lcy)
2 € ) ) @nm)pR) 4m (k§+k§ 2 k22 egu, u,)

(B 10)

This integrates very easily if we use approximation (B 5) as justified in appendix C
and §7(b). The factor in (B 10) then becomes

= (k. k)2 k ko) k21 -k, . k)

(klx+ kzz) kzy] (klzkzz'f' kly k2y+klzk2z)] k%
= XAz T Pl — 11
klz [k z w 1 kl kz k2 k2; (B )
where we have used the cancellation [1—(k,.k,)?1/(1+ k, k) =1-k &k, We
substitute (B 11) in (B 10) and note that all terms odd in k,,, k,,/or k,, vanish because

2z
E(k,) is an even function of these components. Hence, (B 12) reduces to

oo g (1)‘1’ (gi) f dky [dky K0~ ) Bly) Salky) _ o 1o
2 @7R) 4 " (2 + kDt PR enCu, )
The right-hand side of (B 12) vanishes because E(k,) is a scalar isotropic function of
k, so that the integrals over k%, and k3, cancel each other out.
The expression for O® is given by substituting y;, from (B 1), into (B 2). The
expression for vy is greatly simplified by using
A+k k)2 (1+k ke 1
R+ +2k Kol (B kP14 K, k2 (B+AY
where we have again used the approximation k, ~ k,, justified in appendix C. Sub-
stitution of v, and (B 13) in (B 2) yields C® as

09~ —6 (Z’_)é (M)f dk, ﬂ(_g Koy loo, — Koy Ky (Ko kg + Ky Koo, )]
2 (2m)3 ) 4m (k2 + kg)%
X 4"% kxsz(kz) Sa:z(kl) .
k%%(“;vuz)

(B 13)

(B 14)
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Those terms in (B 14) which are odd in k,,, k,, or k,, vanish, so that (using
k, = kyp+koy, k, = ki +ky,) (B 14) reduces to

2/ Ve JJ@mPJ 4m s+ itk eoCu )

The k, and k, integrals are next expressed in spherical co-ordinates as was done
for C®, The 6, and ¢, integrations in (B 15) are given by

1 2
o] s [ absim 0 kg, = okt (B 16)

and the ¢, and 6, integrations are the same as (B 8). Substitution of (B 8) and (B 16)
in (B 15) gives C® ag

e S P A,

This expression is similar in form to that given by (B 9) for C®, The integrand of
(B 17) contains the additional factor k3(k2 + k2)~1. However, as pointed out for (B 3),
the main contribution to the integrations in (B 17) come from k, ~ k,, assuming
that E (k) has its maximum value near the value of k for which E(k) has its maximum.
(This assumption is tested and justified in §7(b) and appendix C.) In that case we
could take 2k%(k3+ k%)~ ~ 1 in (B 17) and, using (B 9), we obtain

0® x — 200, (B 18)

We finally come to the evaluation of C@, given by substitution of y, in (B 2). It is
seen that C@ is more complex than C®, C® or C® because it contains several terms
in the integrand. However, there is a great simplification when approximation (B 5)
is used to reduce y,. Furthermore, C?® is also much smaller than C®. We will not
present the calculation of C¥ here because it is lengthy and C® is small. We will only
quote the result as follows:

CW x —10W, (B 19)

Among the approximations used to obtain (B 19) are the substitution of (B 5) in
factors of y, as

o (kKo 2-Fo k)

Birkir2k, k, K2+ k3 ’

43(1+ &, . k)
2+ k2+ 2k, .k,

4@k
Ki+k3 &y

~

Y
k

and the expansion of k—2 as

~ (k. ko) + (ky Ky

a2+t (1+ k k) & B R

The terms higher than second order in (k,.k,) are found to give an extremely small
contribution to C?.
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Finally, C,, is obtained by substituting (B 9), (B 12), (B 18), and (B 19) in (B 2)

2 1.2
sz_( ) (voe())f dkf k B E(k,) E (k) (B 20)
k2 +2)E egdu,u,)
As to the accuracy of (B 20), we recall that it is based on the approximations (B 5)
and use of 2k3(k2 + k3)~! ~ 1. These approximations are discussed in §7(b).

Appendix C
C1. Theoretical variation of C,, with ki [k,
To determine what happens to C,, when the maximum of E_,(k) occurs at a wave-

number different from that of the maximum of E(k), we will use a very simple delta
function model of £ and _,:

E(k) = egd(k—ky), B, (k)= {uyu,)d(k—ki), (C1)

x

which satisfies (28’) and (40°). This model isolates, and, perhaps, exaggerates how
rapidly C,, varies with k7 /k ;. To determine this variation we substitute (B 9), (B 12),
(B 17), and (B 19) into (B 2) to obtain C,, in the form

C,,=C0+ (04 0O+ (W

o) o) o Bt

This expression is more rigorous than (39) for cases in which k;/k7, + 1 because
(B 17) is used instead of the more approximate (B 18).

Equation (C 2) reduces to (39) when the square-bracketed term is approximated
with k; ~ k,. The variation of C,, with k7 /k; can now be estimated by substituting
(C 1) in (C 3) to obtain

G = 156' (g)g (voegkL) [(1 i/y)% (1 (;?fy)] (€3

y = (ki kL) (C4)

For k7 /k; = 1, C,, is given by
C,, = 1; (g)g (@) (0-55)x 2-% (k] = k). (C 5)

When (kz/kz) = 0-5, 07, 0-8, and 2-0, then it is found that C,, is less than (C 5) b
25, 3, 0, and 259, respectively.

C2. Experimental estimate of ky [k,

Two experiments we refer to are by Champagne et al. (1970) and that analysed by
Kaimal et al. (1972). However, both experiments provide measurements of the one-
dimensional spectra S (k,) and S, (k;) and not of the three-dimensional scalar
spectra E(k) and E, (k) needed by ns. We must therefore rely on crude approxima-



Pressure—strain-rate correlation for Reynolds-stress turbulence. Part 1 393

tions. For example, the spectrum E(k) will be approximated by using the isotropic
relation (e.g. Tennekes & Lumley 1972)

13 @ [1dS,,(k)
Ek)~ k 7 [E—W] (C 6)
Champagne ef al. (1970) used an isotropic relation for S,, in terms of S,, and found
errors (factors of 2) only at small £. The isotropic relation (C 6) is not expected to be
too bad because the shapes of the experimental S_,(k,), S,.(k,), and S, (k,) spectra
are very similar to each other. Furthermore, the errors introduced by (C 6) will be
partly cancelled out by the fact that we only use the ratio of k7 to k, not their
individual values. The ratio of E,, to E can be written as

Ezz(k)
E(k)

= Dk, ©1)

where D, is a (normalization) constant, and the exponent n(k) varies with k. Only
the value of n(k) in the vicinity of k = k,, the peak of E(k), is needed. To estimate
n(ky) we use figure 22 of Champagne ef al., which gives the spectral ratio
S (k,) [S,2(k,) S,,(k,)] % as a function of k,. This ratio can be represented by

Ses(k)
[S2a(k) S (k)12

where D,, a constant, and m(k) are determined by the data. To estimate n(k) we
assume

= Dylemi®, (©8)

n(k) ~ m(k). (C9)

From figure 22 of Champagne et al., it is seen that m(k) ~ 0-3 for k in the vicinity of
k; where E(k) is maximum; this maximum is estimated to occur at the abscissa
nky = 10~2(by using dE(k)/dk = 0 and (C 6) with figure 19 of Champagne et al.).
Thus, with (C 9), we approximate n(k) ~ 0-3 for k ~ k. The maximum of E_, (k) is
determined from (C7) by setting dE, (k) = 0 and using n(k) ~ n(k;) ~ 0-3. The
resulting value of k7, is given by

ky ~ 07k, (C 10)

(Champagne et al.) The most serious source of error in this calculation is that the
experimental data is differentiated three times in dE(k)/dk.

The experimental data of Kaimal et al. (1972) can also be used to estimate k7 /k .
This estimate is made from their empirical formulas of S,,, S, S,, for neutral lapse
rates given in their §7. From the formula for S, (k,) we use (C 6) to estimate that the
maximum of E(k) occurs at f= 0-028 (f is the frequency used in the formulas), and
from the formulas for §,,, S,,, and S,, we estimate n(k;) = 0-25. With this value of
n(k;) we use (C 7) and dE,,/dk = 0 to determine k7, as

in agreement with the estimate for the data of Champagne et al. We should note that
the data of Kaimal ef al. are more anisotropic than that of Champagne et al. because
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the maxima of 8,,(k,) and S, (k,) occur at markedly different wavenumbers. For that
reason, our application of (C 6) to the data of Kaimal ef al. is more questionable.

Appendix D. Low Reynolds number

Equation (27) for the nonlinear part, A%, of the pressure—strain rate was derived
for large Reynolds number. This restriction is caused by the neglect of the molecular
viscosity term »V2u, in (17). It is not difficult to correct (27) so as to apply to arbitrary
Reynolds number. To do so, we first rewrite (12), or (2), with the viscosity term on
the left side:

(g.t+U.v—vv2) u() = 1), (D 1)

Io(8) = —[u(t). Vu(t)]’—u.VUf%@.
The formal solution of (D 1) is °

t
u(t) = fdrlGV(r, try, 0)u(ry, 0) + f dtlfdrlGV(r, try, ) I0(ry, ¢y), (D 2)
0
where G” is an operator defined, in analogy with (14), by

(§+U.V—VV2) GH(r,t;ry,8) =0,

(D3)
G*(r,t; 1y, 8) = O(r—1y).

The equations following (16) can now be corrected to include the vV2u dissipation

term by replacing G, with G*. Actually, what is needed is a Fourier component Gy

(defined by)

G, = fd(r —r,)G¥(r,t;ry, ) exp [ — k. (r—r1)]. (D 4)
If U is slowly varying in time, then
G’ =exp[—(t—t)(U.V-rV?]é(r—r,), (D 5)
and, if U varies slowly in space on the scale £1, then (D 4) becomes
Gy ~exp[—(t—1) (k. U+ vk?)]. (D 6)

It can be seen that the expressions following (16) can be corrected by everywhere
replacing Gy with Gy. In addition, (A 10) for S(k;¢,#;) must also be corrected for the
viscosity term. This correction can be shown to be obtained by adding — vk2(t-t,)
to (A 10) as follows:

S(k;t,¢t,) = S(k)exp [ — 2Kk2: (am) (t—1,)2— ik. Uyt —t,) —vk2(t—t)]. (D7)

Returning our attention to (27), we find that A%, contains Gy, and S(k;t,¢,)/S(k)
only in the characteristic time 7, which was given [see (A 11)] by

7, = f : dt, exp [ — 3(kZ+Kk2): Cund (t—1,)2], ¢~ oo. (D 8)

When G is replaced by G3, and S(k;¢,¢,) is replaced by (D 7), then it can be shown
that 7,in (A 11) becomes 7., given by

T = ft dt,exp [ — (K24 k2): {un) (¢ —¢,)2— 2vk2(t—¢,)]. (D9)
0
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Hence, (27) for AY, is generalized to apply to all Reynolds number by replacing 7,

with 7:
_ dk [ dk, 7b(k) k2
AY, = — 2f(277)3f(27r)3 Gra) 1 S(ky) S(Ky): 75 (D 10)

We thus see that the effect of including molecular viscosity is expliéitly accounted
for by adding — 2vk? in the expression for the characteristic time 7,. In general, we

believe that the Lagrangian integral time scales must likewise be corrected with
—~ 2vk? when the Reynolds number is low.
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